Also llmlted aspects of invarlant theory have been incorporated into SDICE due to the utillzation of potentials as a starting point and the desire for these potentials to be frame Invarlant (objectlve).
Flnally not only calculatlon of flow and/or evolutionary laws have been accomplished but also the determination of hlstory independent nonphysical coefficlents in terms of physlcally measurable parameters, e.g., Young's modulus, has been achieved. Immediate benefits that can be realized are: (I) reduced manual tedium, (2) Increased reliability of the derived equations, hence the final analysis results, (3) shortened model development time, and (4) Investigation of alternative functional forms. Furthermore, application of symbolic manipulation can provide a significant incentive to the development of new constitutive theories and their finite element applications. However, two major obstacles arise when symbolic manipulation methods are applied for engineering applications: these are the numberof steps in the derIvatlon process and the problem of expression growth (refs. 1 and 4 to 7).
Presented here is a problem oriented software package called SDICE (Symbollc Derivation of Constitutive Equations) which is intended to assist in the derlvatlon of potential based constitutive equatlons (refs. 14 and 18). The major features of SDICE are the automatlon of the equation derivation steps and its ability to simplify the results so as to alleviate the expression growth problem.
SYSTEM SPECIFICATIONS OF SDICE
In deriving the materla] COF_St|tutlve equations and matrices, six types of mathematical manipulations are required, i.e., Also, limited aspects of invarlant theory (ref. 13 ) has been incorporated into SDICE due to the utilization of potentials as a starting point and the desire for these potentials to be frame Invarlant (objective).
It has been shown that In most cases, the results obtained from direct applIcatlon of a general purpose symbollc system, such as MACSYMA (ref. 20) are not useful due to the number of steps involved In the derivation process and the problems associated with expresslon growth.
For this reason, resourceful derivation procedures must be developed so that optimal results can be obtained (refs. 14 to 16). The essential features of the approach taken to address the above problems consists of: (I) A structured derivation procedure to avoid redundant steps and to minImize expression growth, (2) Implementation of special procedures (e.g., procedures for simplification and pattern recognition) to facilitate the derivation process, (3) Expression substitution and simpliflcatlon during the entire derivation process by incorporating several levels of processing, (4) Automatic grouping and labellng of common factors, (5) Taking advantage of permutatlon and symmetry relationships of the terms Involved in each derlvation step, and (6) As a rule-based system, intended for constitutive equation research, SDICE will record user defined rules and store them in a relational data base, whereby the Information may be retrieved, redefined and restored as required.
Some of the above procedures
and technlques will be discussed, through application examples, in the next section.
APPLICATION TO CONSTITUTIVE EQUATIONS FOR VISCOPLASTIC MATERIAL MODELS
Constitutive laws provide the llnk between stress components Oil and strain components clj at any point in a body. These laws may be simple or extremely complex, depending upon the material of the body and the conditions to which it has been subjected.
Consider the well known case of a hyperelastic material.
Here, the stress and strain components are related through a normality structure utilizing either a strain energy or complementary energy function, i.e., (1) or (2) For inelastic material behavior the Internal state variable potential viewpoint is adopted, i.e.,
with the generallzed normality structure (refs. 8 to I0)
and In both theorles the exlstence of a dissipation potential Is assumed, and the form is taken to be, (6) where the dependenceof the applled stress and internal stress (cf eq. (3)) enters through the scalar functions F(Slj) and G(_ij), respectlvely.
For a material wlth transversely Isotroplc symmetry the dlsslpatlon potentlal _s assumed to take the form of equation (6) where now the dependence of the applied stress, internal stress, and preferred direction enters through the scalar functions F(Eij,did j) and G(aij,did j) respectively. The stress dependence Is now given by Upon applicatlon of equations (4) and (5) the resultlng flow and evolutionary laws are" (2) Implement procedures to compute tensor expressions according to the rules defined in tensor calculus.
(3) Map a tensor Into the domain of a scalar by utilizing a property list to store the varlable and its subscript; thereby, a11owlng all differentiation to be treated in the same way. A separate procedure decides whether the function and its variables are tensorial or scalar.
(6) Finally, check the property llst and if the function Involves tensors, subscrlpts are added back for the flnal result accordlng to the predetermined order.
(7) Simplify the result by (a) checking the data base so as to replace any known Invariant relation in the final expressions, (b) grouping common terms by factorizatlon, and (c) identlfylng terms that can be written as a tensor. Thus by combining we have,
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Finally, by calling the procedure identifying the rules of tensorlal calculus and back-substltutlng, the result becomes Ek1.
All the requlred computatlonal rules for deriving the constitutlve equatlon have been integrated into SDICE along with rules which define tensorial calculus and invarlant relations. To obtain the associated evolutlonary law, equation (5) is applied, i.e., instruct SDICE to take the following action Thls agrees completely with equation (7) which was manually obtained.
(We have adopted the convention of using double lower case letters for capltal letters, and variables starting with "g" mean Greek alphabet). The systems of equations we are dealing with are primarily sparse and the coefficients of thelr variables are usually not numbers but polynomlals. The appllcation of Gausslan ellmlnatlon which is used in linsolve produces results that are usually lengthy and Inefficient.
IMPLEMENTATION OF PROBLEM-ORIENTED COMPUTATION PROCEDURE
A new derivation procedure is Implemented into SDICE to solve the problem of expression growth and increase the computational efficiency. The underlying concept behind this Improved procedure Is the identification of the smallest full subsystem contained within the origlnal and then subsequent remalnlng systems.
Gausslan elimlnatlon is employed to solve these subsystems independently and sequentially Instead of the complete system.
To clarify this procedure, consider the following sparse system of equatlons"
(2t -3u)xl -2u2x2
-5uSx5 + 4u4x4 + 3u3x3 + 2u2x2 + (u + 2)xl t2 -I0
The procedure first searches for the smallest full subsystem in the system and In our case, chooses (9) and (lO).
The subsystem is then solved by Gausslan ellmlnatlon without generation of intermediate variables and we obtain" xl :
V(u + t)(7ku 2 -7ktu + 21kt 2) + 44u 2 16ku 3 + 80ktu 2 _ 88kt2u + 48kt 3
The symbols xl and x2 are then stored and treated as constants In the remalnlng equatlons.
With the remaining 3 x 3 system, the smallest subsystem Is l x I. So, an Intermedlate variable zzl is generated to represent that part of the equation containing the previously determined variables, that Is zzl = 13u2x2 + 13xl and x3 can now be solved for Immediately.
x3=
(t2 -2t + l)zzl + (-8t 2 + 16t -8)(kt -u) I/3 39u 3
Followlng the same steps as before, the remalnlng system of unknowns Is a full 2 x 2 system, and two intermediate variables zz2 and zz3 are generated to represent previously obtalned variables. By comparing with the result obtained from MACSYMA, the expression size is smaller and the computation effort required is less, due to the generation of intermediate variables and the partltlonlng of the system into smaller subsystems.
CONCLUSION
We have dlscussed the use of a symbolic computation method to automatically derive constitutive equations.
The derivation steps and some of the computational methods used for potentla] based constitutive model research have been presented.
It Is hoped that the approach discussed here may find app]Icatlons in physics as well as other englneerlng dlscipllnes. 
